
AIAA JOURNAL

Vol. 38, No. 2, February 2000

Determination of Nonideal Beam Boundary Conditions:
A Spectral Element Approach

Usik Lee¤ and Joohong Kim†

Inha University, Inchon 402-751, Republic of Korea

A spectral element approach to determine the nonideal or unknown structural boundary conditions of beams
is introduced. The nonideal structural boundary conditions are represented by the frequency-dependent effective
boundary springs: transverse springs and rotational springs. The effective boundary spring constants are then
determined from the measured frequency response functions in conjunction with the spectral element method.
Experiments are conducted for the one-end-supported and the two-end-supported beams to verify the present ap-
proach of boundaryconditions identi� cation. The analyticalpredictions obtained by using the identi� ed boundary
conditions are very close to the experiment measurements.

Nomenclature
Abm, etc. = submatrices de� ned in Eqs. (16) and (25)
ai = nodal transverse inertance (at the i th node)
D, Dm , Du = nodal inertances vectors
EI = beam bending stiffness
F, Fb , Fe = nodal forces vectors
f , fb , fe = nodal forces vectors multiplied by ¡ x 2 / P
gi (x) = exact shape functions
k = wave number
Kv , K u = transverse and rotational spring constants
L = length of � nite beam element
M , M1 , M2 = resultant bending moments
p, P = applied point load
Q, Q1 , Q2 = resultant transverse shear forces
s, si j = spectral element matrix
Um , Uu = nodal degree of freedom (DOF) vectors
v(x , t ) = transverse beam de� ection
a i = nodal rotational inertance (at the i th node)
n = function de� ned in Eq. (10)
q A = mass per unit length of beam
u i = nodal rotational angle (at the i th node)
x = circular frequency

Subscripts

b = quantities related to (unknown) boundary
forces vector

e = quantities related to (known) external forces vector
m = quantities related to measured (or known) DOF
u = quantities related to unmeasured (or unknown)

DOF
1, 2, . . . , 6 = node numbers

Superscripts

1, 2, 3 = spectral element number
ˆ = spectral components

I. Introduction

S TRUCTURAL identi� cation, model updating,and health mon-
itoring have been intense research activities during the last
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decade.1 –3 The identi� cation of a structural system has the primary
objective of deriving a mathematical model that reproduces the ob-
served behavior of that structure. Because of the increasing com-
plexity of modern structures, an accurate mathematical model has
become a necessity for successful design of mechanical systems.
However, one often experiences the problem that a mathematical
model [e.g., � nite element method (FEM) model] does not predict
the dynamic behavior of a real structure very well when compared
with the measurements. The discrepancy may be caused by the in-
accurate identi� cation of the structuralparameters such as the mass,
stiffness,and dampingmatricesof the FEM model.This is why there
havebeenintenseeffortsto determineaccuratestructuralparameters
in the subject of structural system identi� cation.

Dynamic characteristics of a structure certainly depend on its
structuralboundaryconditions.Thus, the structuralboundarycondi-
tions shouldbe consideredas the additionalstructuralparameterand
should be identi� ed accuratelybefore structuraldynamics analysis.
It is very often to simplify the real (nonideal) structural boundary
conditions as the ideal ones such as the perfectlyclamped boundary
condition and the perfectly simply supported boundary condition.
Unfortunately, the practical structural boundary conditions are not
so ideal: they are mostly nonideal or unknown in nature. Thus, sim-
plifying the nonideal structural boundary conditions as the ideal
ones is certainly one of the important error sources between the
measurement and the analytical prediction.

Despite the importance of the structural boundary conditions
identi� cation, there have been relatively few efforts to identify the
nonideal structural boundary conditions when compared to the ef-
forts given to the identi� cations of structural parameters and dam-
ages. In the literature Wang and Chen4 is likely to be one of few
recent works in the identi� cation of nonideal structural boundary
conditions. They represented the unknown boundaries of a slen-
der beam as the additional stiffness matrix (called as the boundary
stiffness matrix) in their FEM. The boundary stiffness matrix was
determinedfrom the measuredstructuremodal parameters(i.e., nat-
ural frequencies and mode vectors).

As mentioned, Wang and Chen4 used the FEM of a beam and
the measured structure modal parameters in their approach (i.e.,
FEM-modal parameters approach). The FEMs usually provide less
accurate structural dynamic characteristics, especially at high fre-
quencies. It is not an easy task even today to extract accurate modal
parameters from experiments.Thus, instead of the FEM-modal pa-
rameter approach, a new more reliable and easy-to-useapproach is
desirable.

In contrast to FEM, the spectral element method (SEM) is well
recognized to provide very accurate dynamic characteristics of a
structure even at high frequency.5 The spectral element matrix used
in SEM is the same as the exact dynamic stiffness matrix in nature
and was used by Lee and his colleagues6 – 10 to solve structural dy-
namics problems and Doyle and his colleagues11 , 12 to investigate
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the wave propagation in structures. The spectral element matrix is
exact in the sense that it is formulatedfrom theexact shapefunctions
(or wave modes), which treat the mass distributionexactly.Spectral
elements can be assembled in a completely analogous way to that
used for FEM. In SEM all calculations are conducted in frequency
domain by using the fast Fourier transform (FFT) algorithm.13 To
obtain the time-domain solutions, the inverseFFT (IFFT) algorithm
is then used. The FFT and IFFT algorithms-based spectral analy-
sis approach combined with the main features of FEM has been
called the SEM in the literature.5 – 11 In SEM the general solution
is assumed in the spectral form and a suf� cient number of spec-
tral components can be ef� ciently computed and summed by using
FFT and IFFT algorithms.This solutionapproachhas been found to
improve the solution accuracy signi� cantly, especially at high fre-
quency, while consuming less computational time when compared
with FEM approach.9

Because of the apparent advantages of SEM, it seems to be rea-
sonable to use the SEM, instead of the FEM, to improve the identi� -
cationof nonidealstructuralboundary.Because it is not always easy
to extract accurate modal parameters from experiments, it seems to
be more convenient to determine the nonideal boundary conditions
directlyfrommeasuredfrequencyresponsefunctions(FRF), instead
of modal parameters. Hence, this paper introduces a new approach
based on the spectral element beam model and the measured FRF,
i.e., the SEM-FRF approach.

II. Spectral Beam Element Model
The more accurate structure model of a beam structure will pro-

vide more accurate identi� cation of the beam boundary conditions.
In this paper, the Bernoulli–Euler beam model is adopted just for
simplicity. Extension of this paper to include the transverse shear,
rotary inertia, axial modes, and out-of-planebending modes effects
in the simple beam model should be in due course.

To apply the spectral element analysis approachto the Bernoulli–
Euler beam model, the spectral element should be formulated � rst.
In general, the spectral element formulation begins with the equa-
tions of motion of a structure without neglecting inertia. For a � nite
Bernoulli–Euler beam element of length L , the equation of motion
is given by

E I
@4v

@x4
+ q A

@2v

@t2
= p(x , t ) (1)

Assume thattheappliedloadand thebeamresponsehavethespectral
representations

v(x , t ) =
1

^
x = ¡ 1

v̂(x)ei x t , p(x , t) =
1

^
x = ¡ 1

p̂(x)ei x t (2)

The spectral components are spatially dependent Fourier coef� -
cients, and thus they are functionsof circularfrequency x . For short-
hand, the summation and the superscriptused for spectral represen-
tationswill be removedin the followingwithoutcausingconfusions.

For the � nite beam element with the nodal degrees of freedom
(DOF) speci� ed at its two end nodes1 and 2, the spectralcomponent
of transverse de� ection can be derived in the form of

v(x) = g1(x)v1 + g2(x) u 1 + g3(x)v2 + g4(x) u 2 (3)

where vi and u i represent the transverse nodal DOF and the rota-
tional nodal DOF, respectively, and the frequency dependent exact
shape functions gi (x ) can be found in Ref. 5.

The relationships for the structural quantities are given by

M = E I
d2v

d x2
, Q = ¡ E I

d3v

d x3
(4)

The nodal forces and moments at node 1 (i.e., x =0) and node 2
(i.e., x = L) can be written as

Q1 = ¡ Q(0), Q2 = ¡ Q(L)

M1 = ¡ M(0), M2 = ¡ M(L) (5)

Thus, the relationships between the nodal forces/moments and the
nodal DOF can be derived in the form of
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or f = su

(6)

where s is the spectral element matrix and, in SEM, the correspond-
ing � nite beam element is called the spectral element. The compo-
nents of spectral element matrix are given by

s11 = n (sin kL cosh kL + cos kL sinh kL)(kL)3

s12 = n sin kL sinh kL(kL)2 L

s13 = ¡ n (sin kL + sinh kL)(kL)3

s14 = n (cosh kL ¡ coskL)(kL)2 L

s22 = n (sin kL cos kL ¡ coskL sinh kL)kL3

s23 = n (coskL ¡ cosh kL)(kL)2 L

s24 = n (sinh kL ¡ sin kL)kL3

s33 = n (sin kL cosh kL + cos kL sin kL)(kL)3

s34 = ¡ n sin kL sinh kL(kL)2L

s44 = n (sin kL coshkL ¡ cos kL sinh kL)kL3

n = (E I ) / (L3z0) (7)

In Eq. (7), k is the wave number, and it is related to x through the
spectrum relation as

k4 = x 2 q A / E I (8)

As far as a � nite straight beam is uniform without any sources of
discontinuity, it can be represented by a single spectral element re-
gardless of its length. In contrast to the conventional� nite element,
this single spectral element still provides very accurate solutions.5

However, if there exist sources of discontinuity such as the point
loads acting on a uniform beam, the beam should be spatially dis-
cretized into several spectral elements. All spectral elements can
be assembled to form a global structure system in a completely
analogous way to that used for FEM.

Figure 1 shows a beam with a point load p(t ) at x = a. The beam
is discretized into two spectral elements so that the point load is
locatedat the junctionof two elements.The point load p(t) is Fourier
transformedto obtain P( x ) byusingtheFFT algorithm.Assembling
two spectral elements gives the following global spectral matrix
equation:
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Fig. 1 Spectral element discretization of a beam subjected to a point
load p(a, t).
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Table 1 Comparison of the natural frequencies
of a simply supported square plate8

Frequency, Hz

Exact SEM, FEM,
Mode solution 1 element 14 £ 14 elements

1st (1, 1) 6.21 6.21 6.2
2nd (1, 2) 15.53 15.53 15.12
3rd (2, 2) 24.86 24.86 23.75
5th (2, 3) 40.39 40.38 38.12
10th (4, 4) 99.42 99.43 95.18
15th (5, 5) 155.35 155.35 141.37
20th (5, 6) 189.53 189.53 171.48

Fig. 2 Comparison of the solution convergence ratio (R = w/wexact ) for
SEM and FEM with respect to CPU time.8

or, simply,

SU = F (10)

In Eq. (9) the superscript indicates each spectral element, and the
subscript indicates each component of the corresponding spectral
element matrix given in Eq. (6). In Eq. (10) U is the frequency-
dependent nodal DOF vector, and it can be readily obtained analo-
gous to the static problem.The IFFT algorithmis then used to obtain
the time-domain response ef� ciently.

The high-solutionaccuracyand computationalef� ciency of SEM
has been well proved for the vibrations of beams and plates in
Refs. 8 and 10. For a simply supported rectangular plate subjected
to an impulsive force at the midpoint, Fig. 2 from Ref. 8 shows
that SEM requires much less CPU time to obtain the same level of
solution accuracy as achieved by FEM. Table 1 from Ref. 8 also
shows that the natural frequencies obtained by using just one spec-
tral element are almost identical to the exact natural frequencies,
whereas those obtained by using a suf� cient number of conven-
tional � nite elementsare not so accurate,especiallyat high vibration
modes.

III. Determination of Nonideal Boundary Conditions
Nonideal (or unknown) boundary conditionsof a beam structure

can be represented as the frequency-dependenteffective boundary
springs at its boundaries: the transverse spring Kv and the rota-
tional spring K u . When both effective boundary spring constants
are in� nite at a boundary, the boundary is recognized as the per-
fectly clamped boundary, whereas they are zeros as the perfectly
free boundary, for instance. Thus, any nonideal beam boundary can
be representedby simply determining the valuesof effectivebound-
ary spring constants.

This section introduces a methodology to determine the effec-
tive boundary spring constants by utilizing the measured FRF. Two
simple beams with representative boundary conditions are consid-
ered in this paper: one-end-supported(or cantilever-type) beam and
two-end-supportedbeam. Figure 3 shows the general procedure to
identify the nonideal boundary condition by using the MATLAB®

program ID-BC developed in this study.

Fig. 3 Procedure for the identi� cation of structural boundary condi-
tions.

a) One-end-supported (or cantilever-type) boundary

b) Two-end-supported (or clamped) boundary
Fig. 4 Modeling of the nonideal structural boundary conditions.

A. One-End-Supported Boundary
Consider a one-end-supported (or cantilever-type) beam of

Fig. 4a. The beam is discretized into two spectral elements so that
the applied load is located at node 2. The nonidealboundaryat node
1 is represented by two (unknown) effective boundary springs: a
transverse spring Kv and a rotational spring K u . The global nodal
DOF vector U can be divided into two nodal DOF vectors: the mea-
sured DOF vector Um and the unmeasured DOF vector Uu . As the
transverse DOF, v2 and v3 at nodes 2 and 3 can be readily mea-
sured by experiments; they are considered as the measured DOF.
However, v1 and u 1 at the boundary node 1 are not accessible to
measure, u 2 and u 3 and are the rotational DOF relatively more deli-
cate to measurewhen comparedwith measuringthe transverseDOF.
Thus, these four unmeasurablenodal DOF are consideredas the un-
measured DOF. Thus, there are total six unknowns including four
unmeasured DOF and two effective boundary spring constants.

Assembling two spectral elements of Fig. 4a, the (6 £ 6) global
spectral matrix equation is derived as
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(11)
or, simply,

S(6 £ 6)U = F (12)

Dividing U into Um (known, measured DOF) and Uu (unknown,
unmeasuredDOF), and also dividingF into Fb (unknown,boundary
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forces vector) and Fe (known, external loads vector), Eq. (11) can
be rewritten as

[Abm Abu

Aem Aeu]{Um

Uu}= {Fb

Fe} (13)

where

Um = {v2 v3}T , Uu = {v1 u 1 u 2 u 3}
T

Fb = {¡ K v v1 ¡ K u u 1}
T , Fe = {P 0 0 0}T

Abm = [s1
13 0

s1
23 0 ] , Abu = [s1

11 s1
12 s1

14 0

s1
21 s1

22 s1
24 0 ]

Aem =

é
êêêêë

s1
33 + s2

13 s2
13

s1
43 + s2

21 s2
23

s2
31 s2

33

s2
41 s2

43

ùúúúúû
, Aeu =

é
êêêêë

s1
31 s1

32 s1
34 + s2

12 s2
14

s1
41 s1

42 s1
44 + s2

22 s2
24

0 0 s2
32 s2

34

0 0 s2
42 s2

44

ùúúúúû
(14)

Because it is very convenient and customary for us to measure the
vibration acceleration by simply using an accelerometer, the nodal
displacements DOF of Eq. (13) will be represented in terms of the
FRF parameters related to the nodal accelerations.The (transverse
or rotational) inertance is a FRF parameter de� ned as the ratio of
(transverse or rotational) acceleration to force.14 Thus, replace the
nodal displacements vector U with the corresponding nodal iner-
tances vector D to rewrite Eq. (13) as

[Abm Abu

Aem Aeu]{Dm

Du}= {fb

fe} (15)

where

Dm = ( ¡ x 2 / P)Um = {a2 a3}
T

Du = ( ¡ x 2 / P)Uu = {a1 a 1 a 2 a 3}
T

fb = ( ¡ x 2 / P)Fb = {¡ Kv a1 ¡ K u a 1}
T

fe = ( ¡ x 2 / P)Fe = {¡ x 2 0 0 0}T (16)

Unmeasured DOF vector Du and the effective boundary spring
constants Kv and K u can be readily obtained from Eq. (15) as fol-
lows.The effectiveboundaryspringconstantsare � rst obtainedfrom
Eq. (16c) in terms of unknown boundary forces vector fb as

{Kv

K u
}= ¡ [1/a1 0

0 1/ a 1]fb (17)

The secondrow of Eq. (15) yields the unmeasuredDOF vectorDu as

Du = A ¡ 1
eu (fe ¡ AemDm) (18)

Substituting Eq. (18) into the � rst row of Eq. (15) and eliminating
Du gives the unknown boundary forces vector fb as

fb = (Abm ¡ Abu A ¡ 1
eu Aem)Dm + AbuA ¡ 1

eu fe (19)

The effective spring constants are then obtained by substitutingEq.
(19) into Eq. (17).

B. Two-End-Supported Boundary
As the second example, consider a two-end-supported beam of

Fig. 4b. The nonideal boundary conditions at two end nodes (i.e.,
node1 andnode6)arerepresentedby fourunknowneffectivebound-
ary springs: two transverse springs Kv1 and Kv2 and two rotational
springs K u 1 and K u 2. For the two spectral elements model there ex-
ist nine unmeasuredDOF (i.e., four effectiveboundarysprings, four
unmeasured DOF at two end nodes, and one unmeasured DOF at
loading point), whereas the dimension of the global spectral matrix

equation (or number of equations) is six. Thus we need to obtain
more equations to make a well-posedproblem. Increasing the num-
ber of spectralelements by one increases the numberof globalnodal
DOF by two, while the number of unmeasured DOF is increased
by one (i.e., one rotational DOF). Hence, as shown in Fig. 4b, the
beam is discretized into a total of � ve spectral elements so that the
number of global nodal DOF and the dimension of global spectral
matrix equation are now equal as 12. Among 12 global nodal DOF,
v2 , v3 , v4, and v5 are the measured DOF and v1, u 1 , u 2, u 3 , u 4,
u 5, and u 6 are the unmeasured DOF. Thus, there are now a total
of 12 unknowns including eight unmeasured DOF and four effec-
tive boundary spring constants.The four measured DOF, v2, v3, v4,
and v5 are informationenough to determine four effectiveboundary
spring constants uniquely. It is not a hard business at all to obtain
them experimentally for such a both-end-supported simple beam
considered herein.

Assembling � ve spectralelements of Fig. 4b, we can obtain (12 £
12) global spectral matrix equation as

S(12 £ 12)U = F (20)

where

U = {v1 u 1 v2 u 2 v3 u 3 v4 u 4 v5 u 5 v6 u 6}
T

F = {¡ Kv1v1 ¡ K u 1 u 1 P 0 0 0 0 0 0 0

¡ Kv2v6 ¡ K u 2 u 6}
T (21)

Similarly, as in the preceding section, Eq. (20) can be rewritten
in terms of the measured DOF vector Um and the unmeasured DOF
vector Uu as
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where
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Fe = {P 0 0 0 0 0 0 0}T
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Aeu =
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Equation (22) can be rewritten in terms of the nodal inertance
vector D, instead of the nodal displacement vector U, as

[Abm Abu

Aem Aeu]{Dm

Du}= {fb

fe} (24)

where

Dm = ( ¡ x 2 / P)dm = {a2 a3 a4 a5}T

Du = ( ¡ x 2 / P)du = {a1 a6 a 1 a 2 a 3 a 4 a 5 a 6}
T

fb = ( ¡ x 2 / P)Fb = {¡ Kv1a1 ¡ K u 1 a 1 ¡ Kv2a6 ¡ K u 2 a 6}
T

fe = ( ¡ x 2 / P)Fe = {¡ x 2 0 0 0 0 0 0 0}T (25)

From Eq. (25c) the effective boundary spring constants can be
obtained in terms of unknown boundary forces as
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The unknown boundary forces vector fb can be obtained in terms
of only Dm and fe from the same formula as given in Eq. (19). The
effective boundary spring constants are then readily determined by
substituting fb into Eq. (26).

IV. Experiment, Analysis, and Discussion
A. Experiments

Experiments are conducted for two aluminum beams with dif-
ferent boundary conditions: a one-end-supported (cantilever-type)
beam and a two-end-supported beam. The experimental setup for
the cantileveredbeam is shown in Fig. 5. The lengths are 0.5 m for
the one-end-supportedbeam and 0.65 m for the two-end-supported
beam. For both beams the width and thickness are 0.03 and 0.05 m,
respectively.

The vise is carefully designed so as to minimize its effects on
the dynamic characteristicsof beam specimen within the frequency
rangeof concern, i.e., 1 kHz. Impact hammer is used to apply a wide
exciting spectrum.The impact point and the responsemeasurement
point are chosen not to be near the node points (points of zero

Fig. 5 Experimental apparatus for the one-end-supported beam.

Fig. 6 Measured transverse inertances at nodes 2 and 3 of the one-end-
supported beam.

Fig. 7 Measured transverse inertances at nodes 2 and 4 of the two-
end-supported beam.

motion). The coherence functions are carefully reviewed to select
the � nal response measurement points. In the signal analyzer the
sampling time is setup as 2 s. Although the vibration test for the
simple beams is not a hard task in these days, the same test has been
repeated several times, and the best test results are chosen for use.

Measured exciting forces and accelerations are transformed into
the frequencydomainby using the FFT algorithmof MATLAB, and
the results are used to compute the nodal transverse and rotational
inertances de� ned in Eqs. (16) and (25). Figure 6 shows the nodal
transverse inertancesmeasured at nodes 2 and 3 of the cantilevered
beam, and Fig. 7 shows the nodal transverse inertancesmeasured at
nodes 2 and 4 of the two-end-supportedbeam.

B. Analysis and Discussion
The frequency range of concern in this paper is about 1 kHz for

both theoretical analysis and experiments. The lowest natural fre-
quency of axial modes is about 2580 Hz for the one-end-supported
beam and about 5160 Hz for the two-end-supportedbeam. Thus the
effects of axial modes are expected to be negligible.Thus, they are
neglected in the preceding theoretical formulation and also in the
following theoretical predictions.

Using the measured nodal transverse inertances as shown in
Figs. 6 and 7, the unmeasured nodal inertances and the unmea-
suredeffectiveboundaryspringconstantsare computedby using the
MATLAB program ID-BC developed in this study. Figures 8 and 9
illustrate the calculated unmeasured nodal inertances at node 1 of
the one-end-supportedbeam and at nodes 1 and 6 of the two-end-
supported beam, respectively.

The calculated effective boundary spring constants are shown in
Fig. 10 for one-end-supportedbeam and in Fig. 11 for the two-end-
supported beam, respectively. They are all frequency-dependent.
The frequency-dependent spectral element matrix (also named as
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Fig. 8 Predicted rotational and transverse inertances at node 1 of the
one-end-supported beam.

Fig. 9 Predicted rotational and transverse inertances at node 1 and 6
of the two-end-supported beam.

Fig.10 Effective boundaryspring constants for the one-end-supported
beam.

Fig.11 Effectiveboundaryspring constants for the two-end-supported
beam.

Fig. 12 Comparison of the measured and predicted transverse iner-
tances at node 3 of the one-end-supported beam.

Fig. 13 Comparison of the measured and predicted transverse iner-
tances at node 4 of the two-end-supported beam.

the exact dynamic stiffness matrix) implies that the elastic stiffness
cannot be assumed to be constant (i.e., frequency independent) in
dynamics any more, although it is very customary to assume the
elastic stiffness constant in statics. In a very similar sense it seems
to be natural that the effectiveboundary springs are also frequency-
dependent in dynamics. To compute the natural frequenciesof each
beam, substitute the identi� ed frequency-dependent spring con-
stants intoEq. (12)orEq. (20) and � nd the rootsof thedeterminantof
correspondingglobal spectral matrix S. The theoreticallypredicted
natural frequencies can be observed from Figs. 12 and 13.

To investigate the effects of the nonideality of beam boundary
on the beam vibration characteristics, two theoretically predicted
results are compared with the measured results: one is predicted
by using the identi� ed boundary conditions (i.e., effective bound-
ary springconstants) and the other one is byusingthe idealboundary
conditions. For all predictions SEM is used. As the ideal boundary
conditions, the clamped–free boundary conditions are used for the
one-end-supportedbeam, whereas the clamped–clamped boundary
conditions are used for the both-end-supportedbeam.

Figures 12 and 13 show the comparison of the theoretically pre-
dicted and measured inertances (FRF). When the identi� ed bound-
ary conditions are used for theoretical predictions, the predicted
inertances are found to be almost identical to the measured results
because the nonideal (or unknown) boundary conditions are so de-
termined in frequencydomain as to match themeasureddataexactly.
However, when idealized boundary conditions are used instead, the
predictedinertancesare found to deviatesigni� cantly from the mea-
surements as the frequency increases. This certainly implies the
importanceof the accurate identi� cation of nonidealboundarycon-
ditions.

As already mentioned, the nonideal (or unknown) boundary con-
ditions are so determined in frequencydomain as to match the mea-
sured data exactly, thus the theoretically predicted inertances are
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a)

b)

Fig. 14 Comparison of the measured and predicted accelerations at
node 3 of the one-end-supported beam.

a)

b)

Fig. 15 Comparison of the measured and predicted accelerations at
node 4 of the two-end-supported beam.

identical to the measured results. In fact, the uncertainties (or er-
rors) involved in the mathematical beam model and the possible
energy � ow (or damping) through the boundaries are all smeared
into the effective boundary spring constants. Thus, to identify pure
(or exact) boundary conditions, one has to remove all uncertain-
ties that may contaminate the pure boundary conditions. Thus, the
more accurate beam model (e.g., Timoshenko beam model instead
ofBernoulli–Eulerbeammodel) will bebetter to achievemore accu-
rate identi� cation of boundaryconditions.This paper can be readily
extended to use more accurate beam models, and it is in due course.

In Figs. 14 and 15 the measured accelerations are compared
with the theoreticallypredictedtime responses.Figures 14a and 15a
show the accelerationspredicted by using identi� ed boundary con-
ditions that are quite close to the measured data. However, a small
discrepancy is observed with the lapse of time. Because the pre-
dicted accelerations are obtained from exactly predicted FRF by
using inverse FFT algorithm, the small discrepancy observed with
the lapse of time seems to occur because of the inherent numerical
errors and also because of the miss of high-frequencyspectral com-
ponents from time-domain solutions. The high-frequency spectral
components beyond Nyquist frequency cannot be included in the
time-domain solutions because the FFT and IFFT algorithms are
used in the spectral element analysis procedure. Thus, improved
theoretical predictions may be achieved by further increasing the
Nyquist frequency.

As expected, in contrast to the predictions based on identi� ed
boundaryconditions,Figs. 14b and 15b show that there exists quite
a large discrepancy between accelerationspredicted by using ideal
boundaryconditionsand measuring results. In this case the discrep-
ancy is caused by many sources such as the inaccurate boundary
conditions, the effects of transverse shear, and rotary inertia ne-
glected in the present Bernoulli–Euler beam model, and so forth.

V. Conclusions
This paper introducesa method to determine the nonidealbound-

ary conditions of beam structures by using the spectral element
method. The nonideal boundary is represented as the effective
boundary springs, and they are determined from measured FRF.
The present approach of boundary conditions identi� cation is veri-
� ed by comparing the measured dynamic responseswith the analyt-
ical results predictedby using the identi� ed boundaryconditions.In
general, it is found that the identi� ed boundaryconditionsidenti� ed
by the present approach give very accurate dynamic responses of a
beam structure.
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